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Abstract 

Wc show that the noncommutative residue density, resp. the eut-ofF regularised integral are the only 
closed linear, resp. continuous closed linear forms on certain classes of symbols. This leads to alternative 
proofs of the uniqueness of the noncommutative residue, resp. the canonical trace as linear, resp. 
continuous linear forms on certain classes of classical pseudodifferential operators which vanish on 
brackets. 

The uniqueness of the canonical trace actually holds on classes of classical pseudodifferential with 
vanishing residue density which include non integer order operators in all dimensions and odd-class 
(resp. even-class) operators in odd (resp. even) dimensions. The description of the canonical trace for 
non integer order operators as an integrated global density on the manifold is extended to odd-class 
(resp. even-class) operators in odd (resp. even) dimensions on the grounds of defect formulae for 
regularised traces of classical pseudodifferential operators. 
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Introduction 

The uniqueness of the noncommutative residue originally introduced by Adler and Manin in the one 
dimensional case was then extended to all dimensions by Wodzicki in |W1| (see also |W2j and [K] for a 
review) and proved independently by Guillemin [G2j . Since then other proofs, in particular a homolog- 
ical proof on symbols in |BGj and various extensions of this uniqueness result were derived, see |FGLS| 
for a generalisation to manifolds with boundary, see [S] for a generalisation to manifolds with conical 
singularities (both of which prove uniqueness up to smoothing operators), see [L] for an extension to 
log-polyhomogeneous operators as well as for an argument due to Wodzicki to get uniqueness on the 
whole algebra of classical operators, see |Po2| for an extension to Heisenberg manifolds. 
In contrast to the familiar characterisation of the noncommutative residue as the unique trace on the 
algebra of all classical pseudodifferential operators, only recently was the focus jMSS| drawn on a char- 
acterisation of the canonical trace as the unique linear extension of the ordinary trace to non integer 
order classical pseudodifferential operators which vanishes on non integer order bracketfl 
We revisit and slightly improve these results handling the noncommutative residue and the canonical 
trace on an equal footing via a characterisation of closed linear forms on certain classes of symbols. 

^The authors of |MSS| actually extended the uniqueness to odd-class, resp. even-class operators in odd, resp. even 
dimensions. 
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A cornerstone in our approach is the requirement that a hnear form satisfies Stokes' property (or 
be closed in the language of noncommutative geometry) on a certain class of symbols i.e. that it 
vanishes on partial derivatives in that class. The vanishing on derivatives is a natural requirement in 
view of the fact that any distribution on M" with vanishing derivatives is proportional to the ordinary 
integral on M"; it serves here to characterise its unique closed extension given by the cut-off regularised 
integral ^„ defined by Hadamard finite parts. This leads to a characterisation of the noncommuta- 
tive residue on symbols (Theorem [T]) on the one hand and the cut-off regularised integral on symbols 
(Theorem [5]) on the other hand. 

The link between the vanishing on brackets of a linear functional on classical operators and the van- 
ishing on partial derivatives of a linear functional on symbols can best be seen from the simple formula 
[xi,Op{p)] — — iOp(%p) for any symbol p, which lies at the heart of the proof of the uniqueness of 
the canonical trace in |MSS| . We deduce from there the uniqueness of a linear form on classical pseu- 
dodifferential operators which vanishes on brackets from the uniqueness of a linear form on classical 
pseudodifferential symbols which vanishes on partial derivatives in the Fourier variable ^, leading to 
characterisations of the residue (Theorem [4|) on the one hand and the canonical trace (Theorem [5|) on 
the other hand. 

To characterise such functionals we heavily rely on the fact that any homogeneous symbol with van- 
ishing residue can be written as a sum of derivatives |FGLS| and coincides up to a smoothing symbol 
with a sum of derivatives of symbols whose order is 1-1- the order of the original symbol. This is why 
we then consider classes of operators with vanishing residue density in order to carry out the linear 
extensions. 

The vanishing of the residue density which therefore plays a crucial role for uniqueness issues, arises 
once more for existence issues. This indeed turns out to be an essential ingredient in section 2, where 
we show that the canonical trace is well defined as an integrated global density on certain classes 
of classical pseudodifferential operators, such as odd-class operators in odd dimensions and even-class 
operators in even dimensions. To do so, we approximate the operator under study along a holomorphic 
path of classical operators and use a defect formula for regularised traces derived in [PS| . 
This is carried out along of a line of thought underlying Guillemin's |G2| . Wodzicki's |W2j and later 
Kontsevich and Vishik's |KV| work (see also [CM| ): a classical "i/DO A is embedded in a holo- 
morphic family z i— + A{z) with A{0) = A, the canonical trace of which yields a meromorphic map 
z TR(j4(z)). These authors focus on the important case of ^-regularisation A^{z) = AQ"^ built 
from some admissible elliptic operator Q with positive order. In particular, if A has non integer order 
then z 1-^ TR(A^(2:)) is holomorphic at z = 0, the canonical trace density of A is globally defined 
and integrates over M to the canonical trace TR(^) of A which coincides with lim^^o TR(yl'5(z)) 
independently of the choice of Q. 

Similar continuity results hold for odd-class (resp. even-class) operators A in odd (resp. even) di- 
mensions; it was observed in [KVj (resp. [Grj ) that for an odd-class elliptic operator Q with even 
positive order close enough to a positive self-adjoint operator, and A and odd- (resp. even-) class 
operator in odd (resp. even) dimensions, the map z t-^ T'R{A^{z)) is holomorphic at z = and 
Tr(_i)(^) := lim^-^o TR(^'^(z)) is independent of the choice of Q. 

As a straightforward application of defect formulae both on the symbol and the operator level derived 
in [PSj . we extend these results to any holomorphic family A{z) with non constant affinc order such 
that A = A{0) and ^'(0) lie in the odd- (resp. even-) class. We infer from there that in odd (resp. 
even) dimensions 

1. the map z h-> TR(A(z)) is holomorphic at 2 = 0, 

2. the canonical trace density is globally defined for any odd- (resp. even-) class operator A, and 
integrates over M to the canonical trace TR(^), 

3. TR(A) = lim2_>o TR(v4(z)) independently of any appropriate (see above initial conditions) choice 
of the family the family ^(2). 

This shows in particular that both Kontsevich and Vishik's (resp. Grubb's) extended trace Tr(_i) on 
odd- (resp. even-) class operators in odd (resp. even) dimensions and the symmetrised trace Tr*^-^'" 
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introduced by Bravcrman in ^ on odd-class operators in odd dimensions coincide with the canonical 
trace TR. 

To sum up, the characterisation we provide of the noncommutative residue and of the canonical trace 
on the grounds of a characterisation of closed linear forms on certain classes of symbols sheds light 
on common mechanisms that under ly their uniqueness. It brings out the importance of the closedness 
requirement on the underlying functionals on symbols, which was already implicit in the homological 
proofs of the uniqueness of the residue. In the case of the canonical trace it further puts forward the 
role of the vanishing of the residue on the symbol level and of the residue density on the operator level 
which also turns out to be an essential ingredient for existence issues. 

The paper is organised as follows: 

1. Uniqueness: characterisation of closed linear forms on symbols 

(a) Notations 

(b) Stokes' property versus translation invariance 

(c) A characterisation of the noncommutative residue and its kernel 

(d) A characterisation of the cut-off regularised integral in terms of Stokes' property 

2. Existence: The canonical trace on odd- (resp. even-) class operators in odd (resp. 
even) dimensions 

(a) Notations 

(b) Classical symbol valued forms on an open subset 

(c) The noncommutative residue on classical pseudodifferential operators 

(d) The canonical trace on non integer order operators 

(e) Holomorphic families of classical pseudodifferential operators 

(f) Continuity of the canonical trace on non integer order pseudodifferential operators 

(g) Odd-class (resp. even-class) operators embedded in holomorphic families 

(h) The canonical trace on odd- (resp. even-)class operators in odd (resp. even) dimensions 

3. Uniqueness: Characterisation of linear forms on operators that vanish on brackets 

(a) Uniqueness of the noncommutative residue 

(b) Uniqueness of the canonical trace 
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1 Uniqueness: Characterisation of closed linear forms on sym- 
bols 



We characterise the noncommutative residue and the cut-off regularised integral in terms of a closedness 
requirement on linear forms on classes of classical symbols with constant coefhcients on R". 

1.1 Notations 

We only give a few definitions and refer the reader to |Sh|, fT\ [TF] for further details on classical 
pseudodifferential operators. 

For any complex number a, let us denote by S^^{W') the set of smooth functions on M" called symbols 
with constant coefficients, such that for any multiindex /3 G N" there is a constant C{(3) satisfying the 
following requirement: 

|5fa(e)| <C(/3)|(l + |eir(")-l^l 

where Re(a) stands for the real part of a, |^| for the euclidcan norm of ^. We single out the subset 
CS^ ^{M.") C iS°^(IR.") of symbols a, called classical symbols of order a with constant coefhcients, such 
that 

where (T(jv) G ^"^^(R") and where x is a smooth cut-ofF function which vanishes in a small ball of R" 
centered at and which is constant equal to 1 outside the unit ball. Here (7a-j,,j G I^o a-i'c positively 
homogeneous of degree a — j. 

The ordinary product of functions sends CS'°^(R") x CS'^^.^(E") to CS'°+''(M") provided 6 - a £ Z; let 
denote the algebra generated by all classical symbols with constant coefficients on M". Let 

aGC 

be the algebra of smoothing symbols. We write a ^ a' for two symbols ct, cr' which differ by a smoothing 
symbol. 

We also denote by CS<p{W) := URc(a)<p C''S'c.c(IR"). the set of classical symbols of order with real 
part < p and by CSl^{W"-) Uasc-z C'S'°(.(K") the set of non integer order symbols. 
We equip the set CS'°(.(E") of classical symbols of order a with a Frechet structure with the help of 
the following semi-norms labelled by multiindices f3 and integers j > 0, N (see [H]): 

sup5GM"(l + l^l)-'^'^^"^+""liafa(OI!; 

sup,,„„(i + iei)-^'=(")+^+|''||iaf 1^-- (^)ii; 

sup\^\=i\\d^cra-j{0\\- 

CS'~^(R") is equipped with the natural induced topology so that a linear p which extends to contin- 
uous linear maps pa on CS'°(,(R") for any a G Zn] — oo, —K] (with K some arbitrary positive number) 
is continuous. 

We borrow from [MMPj (see also [LP]) the notion of 5*00 -valued form. 
Definition 1 Let k be a non negative integer, a a complex number. We let 

17'= (^^".(R") = {aef7'=(M"), a= ^ ai{C)d£,i 

/c{i,--- ,«},|/|=fc 
with ai eCS-^-J^^W)} 
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denote the set of order a classical symbol valued forms on M" with constant coefficients. Let 

/C{1,--- ,ri},|J| = fc 

with ai e CS-cclM")} 

denote the set of classical symbol valued k-forms on R" of all orders with constant coefficients. 
The exterior product on forms induces a product n'^CScd^'"') x ^''CSc.ci^") n'^+^CSc.d^"); let 

OQ 

nCS,.,{R") := 0r!^C5e.c(M") 

fc=0 

stand for the No graded algebra (also filtered by the symbol order) of classical symbol valued forms on 
M" with constant coefficients. 

We also consider the sets il'^CS^^W^) := [J^iez C^S^^W^) of integer order classical symbols valued 
fc-forms and Cl'^CS^^{U) := [j^^^Q'' CS^ ^U) of non integer order classical symbol valued fc-forms. 
Clearly, QCSl^R'') 0^^o n'^CSl^R'') is a subalgebra of QCSl^R''). 

Definition 2 Let S C CS'c.c(]R") be a set containing smoothing symbols. We call a linear forn^ 
p : S ^ C singular if it vanishes on smoothing symbols, and regular otherwise. 

A linear form p : iS — > C extends to a linear form p : QS — > C defined by 

p{(^iOdCh A--- Ad^iJ ■.= p{a)Sk-n, 
with ii < ■ ■ ■ < ik. Here we have set 

\i\=k 

Exterior differentiation on forms extends to symbol valued forms (see (5.14) in |LP] ): 

d : n'^CSc.ciR") r2'=+^CS'c.c(M") 

71 

"(0 c^Cii A • • • A d^,^ ^ ^ 9,q;(C) d6 A A • • • A d^,^ . 

We call a symbol valued form a closed if rfa = and exact li a — dP where /? is a symbol valued form; 
this gives rise to the following cohomology groups 

H''CS^.c{W) := {a e n'^CSc.ciR"), da = 0}/{d/3,/3 £ 0'''-iCS'c.c(K")}. 

We call a symbol valued form a closed "up to a smoothing symbol" if rfa and exact "up to a 
smoothing symbol" ii a ^ df) where /3 is a symbol valued form. Since a ^ d(3 ^ da ^ Q, this gives 
rise to the following cohomology groups 

HtCS,.,iR^) := {a e n''CS,.,(W'), da ^ 0} / {a ^ df3,/3e n''-'CS,.c{W)}. 

The next two paragraphs are dedicated to the description of the set of top degree forms which are 
exact "up to smoothing operators" (sec Corollary [T]). The uniqueness of the residue as a closed singular 
linear form on the algebra of symbols then follows (sec Theorem [l]). 

^By linear we mean that p(ai ci + a2 "'2) = Qi pC^i) + p(o'2) whenever ci , cr2i fi + a2 "'2 lie in S. 
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1.2 Stokes' property versus translation invariance 

Lemma 1 Let p : S <Z CS'c.c(R") C he a linear form. The following two conditions are equivalent: 

3j e {1, • • • , n} s.t. cr = 9jT e 5 =^ p{<t) = 

a = d(i e =^ p{a) = 

Proof: We first show that the second condition follows from the first one. Since p vanishes on forms of 
degree < n we can assume that a is a homogeneous form of degree n and show that the first condition 

implies that p{a) = 0. Write a^d Pj dih A • • • A dC^,,) = Y.l=i E|j|=n-i ^^Pj A d^^i A 

• • • A d^i^ -^ then p{a) = J2'i=i J2\j\=n-i Pi^^iPj) vanishes by the first condition. 
Conversely, if cr = diT then 

a = cr(C) dCi A • • • A d^n 

= d,T{C) dCi A • • • A d^n 

= (-1)'"^ d (t{0 d^i a • • • a d^i-i A di A dCi+i A • • • A d^n) 

= d ((-1)'"^ t(0 d6 a • • • a d^i-i A dCi A d^i+i A • • • A d^i) 

is an exact form a = d /3i where we have set /?i := (— 1)*^-^ Ti(^) d^i A- • -Ad^i-i Ad^^Ad^i+i A- • -Ad^n. If 
the second condition is satisfied then pod{/3i) = from which the first condition po9j(r) = follows. □ 

Following the terminology used in noncomutative geometry, we set the following definitions. 

Definition 3 A linear form p : flS C riCS'c.c(IR.") —^Cis closed when it satisfies the equivalent 
conditions of Lemma\^ We also say by extension that p is closed if p is or with the analogy with the 
ordinary integral in mind, that p satisfies Stokes ' property. 

Remark 1 1. A closed linear form p : flCSc.d^"') ^ clearly induces a linear form H*CSc.c(M'^) " 
C. 

2. When p is singular, closedness of p is equivalent to the fact that 

a ^ d(3 =^ p(a) = 0. 

A closed singular linear form therefore induces a linear form H^CSc.d^"') ^ 

Closedness turns out to be equivalent to translation invariance for any linear map on classical symbols 
which fulfills Stokes' property on symbols of negative enough order. This extends results of [MMP| . 

Proposition 1 Let S C (75*0. c(R") be a set stable under translations and derivatives such that there 
is some positive integer K 

CS'<-^(M") c S. 

Let p : S ^ C be a linear map with the Stokes' property on CS^~^ (W^) i.e. 

3.j e {!,■■■ ,n} s.t. tT = ajre5nCS'<-^'(R")=4>p(CT) = 0. 

Then for any a ^ S we have 

p{dj(j) ~ Vj e {1, • • • , ri} (closedness condition) 
p{t*i(j) ~ p{<y) Vt? e M" (translation invariance). 

Proof: The proof borrows ideas from [MMPj . 

Let a € CScci^"^) and let us write a Taylor expansion of the map i*a in a neighborhood oi rj — Q. 
There is some 6* £]0, 1[ such that 

|a|=0 \a\=N 
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Choosing N large enough for d°'tg,i{a) to be of order < — n, it foUows from the Unearity of p that 

N — l 

|q|=0 \a\=N 
N—1 

|q|=0 \a\=N 
|a|=0 

so that 

|a| = l 

from which the resuh follows. 

Here we set d" = dj o for some multiindex (i whenever \a\ ^ and, choosing N large enough so 
that the remainder term is of order < —K we used the assumption that p verifies Stokes' property on 
CS<-^{W). □ 

1.3 A characterisation of the noncommutative residue and its kernel 

We show that the noncommutative residue is the unique singular linear form on classical symbols on 
M" with constant coefficients which fulfills Stokes' property. This is based on results of |FGLS| and 
[Glj (see also [L] for a generalisation to logarithmic powers) as well as results of |MMPj . 

We henceforth and throughout the paper assume that the dimension n is larger or equal two. 

Definition 4 The noncommutative residue is a linear form on CSc.ciM"') defined by 

res(cr) — ^ / cr^,i{£_) dp,s{0 

where 

n 

diisiO E(~l)'"' A • • • A 4- A • • • A dC„ 

denotes the volume measure on S"~^ induced by the canonical measure on R". 
The noncommutative residue fulfills Stokes' property. 

Proposition 2 iMMP^ (see also JLEI) The noncommutative residue vanishes on symbols which are 
partial derivatives in CS'c.c(R") up to some smoothing operator: 

cr-5,T=^resotT = Vi = l,---,n, Vct G CS'c.c(R"). 

Equivalently, its extension res to classical symbol valued forms on M" is closed. 

Proof: Assume that a ^ diT. Since res vanishes on smoothing symbols, we can assume that cr = 9,;t 
for some r £ CSc.d^"') then cr_„ = diT-n+i- 

We have dpsiO = >'x{^){£.) where := d^i A - • • Ad^„ is the volume form on K" and X := J27=i ^i'^i 
is the Liouville field on K". Since the map ^ ^ cr-n+i{C) d^i A • • • A d^i A • • • A d^n (where means 
we have omitted the variable ^i) is invariant under ^ t^ for any t > 0, we have £x(o'-n+i(C) d^i A 
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A d^i A • • • A d^n) — 0. Using Cartan's formula Cx = d o lx + ix ° d wc write 
res((T) 



- L 


-1 


c 

^ L 


ix{^^r^n+l{OmO 

-1 




)'^~^ / ix dir ^^^(£)d£^ 


= (-1; 
= 0, 


)' / doix(T_„+i(Orfa A 



where we have used the ordinary Stokes' formula in the last equality. □ 

The description of homogeneous symbols as sum of partial derivatives induces a similar description 
"up to smoothing symbols" for all classical symbols with vanishing residue. The following elementary 
result is very useful for that purpose. 

Lemma 2 (Euler's theorem) For any homogeneous functions f of degree a on R" — {0} 

n 

Y.M^af. 

1=1 

Proof: 

□ 

The following proposition collects results from [FGLSj (see Lemma 1.3). 
Proposition 3 Any symbol a G CS^^{M."') with vanishing residue 

res((7)- / (7_„(e)rfC = 

is up to some smoothing symbol, a finite sum of palatial derivatives, i.e. there exist symbols Ti G 
CS^+^{K"),i = 1, • • • , n such that 



cT^^am. (3) 



i=l 

In particular, given a linear form p : CS'c.c(R") C, 

p is singular and satisfies Stokes' property Ker(res) C Kcr(p). (4) 

Proof: Equation ^ clearly follows from equation ^ since p is assumed to vanish on smoothing 
symbols. 

To prove Q we write tr ^ J2^o ^ ^o-j with aa-j G C°°(R" — {0}) homogeneous of degree a — j. 

• \i a — j ^ —n it follows from Lemma [2] that the homogeneous function Ti^a-j+i — ^a+n-j '^^ such 
that din^a-j+i = <Ja~] since YJi=i 9ii<ya-j{0 d) = {a + n - j) (7a-j{C)- 

• We now consider the case a — j = —n. In polar coordinates (r, w) G Rq x S'"^^ the Laplacian 
reads A = - J2"=i9f = -r^-''dr{r"-^dr) +7-^2^5.-1. Since A{f{ujy~") = r-"A5„-i we 
have A(/(w)r2-") = cr_„(rw) <^ As„-i/ = (cr_„)s„_i . Setting F{rLo) := f{uj)r^-" it follows 

that the equation AF = (T_„ has a solution if and only if tT_„ G KerAg;f"7^ i-e. if res((7) = 0. 
In that case, ct„„ = J2^=i diTi^-n+i where we have set Ti__„+i := diF. 
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Let Ti ^ Y.°°=i X n,a-j+i then 



1=0 i=0 i=l 



since has compact support so that the difference <t — X]r=i ^i'^i smoothing. Since the Ti are by 
construction of order a + 1, statement ([3|) of the proposition follows. □ 

The following proposition gives a characterisation of the kernel of the noncommutativc residue. 

Corollary 1 Top degree symbol valued forms which are exact up to smoothing symbols coincide with 
forms with vanishing (extended) residue: 

Ker (rTs|„„,,^^^,„,) = {a ~ d/3, /3 G n-'CSU^-)} (6) 

which implies that 

HZCScA^'') ■■= {a e f^"C5'c.c(M"), da ~ 0} / Ker (rcs|„„^^_,^„^ ^ 
Given a linear form p : C Sc.c^W^) ^ ^ 

p is closed and singular <;=^ Ker (res) C Ker(/5). (7) 
Proof: Equation ([7]) clearly follows from the first part of the assertion. 

Let us turn to the first part of the assertion and prove (O. By Proposition [H we know that exact 
forms lie in the kernel of the residue up to smoothing symbols. 
To prove the other inclusion, let 

k 

a = ^ aj(0 rf^ii A • • • A d^j, 
|j|=o 

(we can choose zi < • • • < i\j\ without loss of generality) has vanishing residue fes(Q!) = 0. Then either 
I J| < n or I J| = n in which case ii = 1, • • • , i„ = n and fcs(Q;) = res(Q;„) = 0. In that case, we can 
apply Proposition [3] to a := q;„ and write: 

n 

a(0 dCi A • • • A d^n - ^d^n{Od£_i/\--- /\d^^ 

i=l 
n 

^ ^(-^y^^ ^ (^«(^) A dCi A • • • A d^i^i A di A d^i+i A • • • A dCn) 

i=l 

~ ^ A da A • • • A d^-i A da A d^+i A • • • A d^,}j 

which proves ©. □ 

Theorem 1 Any singular linear form p : CSc.ci^"') ^ C with Stokes' property is proportional to the 
residue, i.e. p = c ■ res for some constant c. 

Equivalently, any closed singular linear form p : QCSc.ci^") ^ C is proportional to the residue 
extended to forms, i.e. p — c ■ res for some constant c. 

Proof: By Proposition [21 p satisfies Stokes' property implies that p vanishes on Ker (res). 

Since cr — res(CT) voi(s^-i) x(C) has vanishing residue^, we infer that p{a) = res(o-) voi(I^-i) ^ 

1^1"" xiO) from which the statement of the theorem follows setting c := voi(l^-^) ' ^ ICI " xiO)- 
Since p vanishes on smoothing symbols by assumption, this constant is independent of the choice of 
X- □ 



^Here as before X is a smooth cut-ofT function which vanishes in a neighborhood of and is identically 1 outside the 
unit ball. 
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1.4 A characterisation of the cut-off regularised integral in terms of 
Stokes' property 

Let us recall the construction of a useful extension of the ordinary integral given by the cut-off regu- 
larised integral. 

For any i? > 0, B{0, R) denotes the ball of radius R centered at in M". We recall that given a symbol 
a £ CS'" j.(]R"), the map R i-^ /b(o fl) '''(^) ^'^ asymptotic expansion as i? — > oo of the form 

(here we use the notations of (fTTj) : 

/ a(e)dC'-fl^oo «oM+ V aa-, i?''-^+"+res(<T) -logi? 

where ao(cr) is the constant term given by: 

TV— 1 

JR" JR" Jb(0,1) 

V — / aa-j{uj)dns{uj). (8) 



a — ] + n J an-i 



This cut-off integral Jg„ defines a linear form on CS'c.c(]R") which extends the ordinary integral in the 
following sense; if a has complex order with real part smaller than —n then /gj-g ^i) "'(C) converges 
as i? — > oo and 



As it is the custom for the ordinary integral we use the same symbol for its extension to forms so 
that: 



/ 

JR' 



a(C) d^ii A • • • A d£,t^ := y-j^ aj Sk-n, 
where we have assumed that ii < ■ ■ ■ < ik 

Remark 2 Since the cut-off regularised integral coincides on symbols of order < —n with the 
ordinary integral which vanishes on partial derivatives, p := ^„ fulfills the assumptions of Proposition 
[J\withS = (75*0. c(R")- Consequently, translation invariance o/_^„ is equivalent to closedness: 

4 dja = Vj e {1, • • • , ri} (closedness condition) 

^F=^ 4 t*^{a) ^ 4 a \/ri <E M" (translation invariance). 

JR" JR" 

We investigate its closedness: unfortunately, the cut-off regularised integral does not in general satisfy 
Stokes' property. 

Proposition 4 \MMP^ For any r G CS'c.c(K") we have 

/ a,;T(C) di = (-l)'-i / T_„+i(C) dCi A • • • A 4; A • • • A dC„. 

JR" -^ICNl 
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Proof: 



JR" Jb{O.R) 

JB{Q,1) 

= (-i)*-ifpfl_^i?"-i / d (t{ro dCi a • • • a de. a • • • a dc„ 

J B(a.i) ^ 



{-ly-Hx^n^^R''-^ f T(i?0 d^i A • • • A A • • • A d^n 



= (-1)'" / r^n+iiO d6 A • • • A c^e^ A • • • A de» 
J\i\=i 

in view of (P. □ 

However, the cut-ofF regularised integral does obey Stokes' property on specific types of symbols. 
Corollary 2 We have 

OT f/ie following cases: 

1. if a has non integer order, 

2. if (J has integer order a and aa-j{~C} ~ {^'^)°'~'' ^{Cl ^ I^'Jo i'n odd dimension 

3. if has integer order a and cra_j(— ^) = (— 1)°~^+"'^<t(^) \/j G No in even dimension. 
Proof: By Proposition [H 

^iO d^ = (-1)'-' / ri_„(0 da A • • • A d'e. A • • • A d^n- 



/ 

JR'- 



1. If cr has non integer order, then so has r which implies that ti_„ = so that ^„ cr(^) vanishes. 

2. For any holomorphic family|f| a'{z) in CS'c.c(K") with non constant affinc holomorphic order a{z) 
and such that cr(0) = cr wc have by [PS| (see (|20p in Section 2) 

We apply this to (j{z) ~ di{T{z)) with t{z){x) = xl^^) '''(a;) |^|~^ for some smooth cut-off funciton 
X which vanishes in a neighborhood of and is identically one outside the open unit ball. By 
the first part of the corollary, since cf(z) has non integer order outside a discrete set of complex 
numbers (which correspond to the poles of ^„ o'(^)) we have ^„ "'(•z) = di{T{z)) = as a 
mcromorphic map. On the other hand, since (c^zCTi^^q) I — — [t di\og\£\)<^ _^ = — (ra)] _j 

it follows that Jg„-i (^z'''|,=o)_ra ^f^^ ~ Jgn-i'''-n-i£,idfis- But this last quantity vanishes 
whenever t_„_i is an even function i.e whenever cr-„-2 = diT^n-i is an odd function. This holds 
in odd dimension if aa-j{—^) = (— l)''~^cr(0 or in even dimension if <Ta_j(— ^ = 
so that in both of these cases ct = 0. 



□ 



*We refer the reader to Section 2 for the notion of holomorphic family of symbols. 
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Theorem 2 Let S be a subset of CSc.d^^'') such that 

CS-^{M.") CS C Ker(res). 

Then by Proposition\^ 

n 

aeSn CS^JR") => 3n e CS^+\R") s.t. cr - ^ d,T, 

i=l 

oo oo 

with a o-Q-j and ~ ^ X Tim-j+i , i = 1, ■ • ■ , n. 

If for any a Cz S the Ti and x'''i,a+i-j,j G No can be chosen in S then any linear form p : S ^ C 
which statisfies Stokes' property is entirely determined by its restriction to CS^^^ (M") for any positive 
integer K < n. 

Equivalently, under the same conditions any closed linear form p : U,S —* C is entirely determined by 
its restriction to nCS<~'^{W^) for any positive integer K < n. 

In particular, if satisfies Stokes ' property on S and p is continuouE on S n CSl^R") for any 
complex number a, then there is a constant c such that 

p = c- f . 

Remark 3 In practice S can be described in terms of some condition on the homogeneous components 
of the symbol and therefore automatically satisfies the requirements of the theorem. 

Proof: We write a symbol cr G CS^^W") 

j=0 

with any integer chosen large enough so that (7(n) has order < — n. Here % is a smooth cut-off 
function which vanishes in a neighborhood of and is one outside the unit ball. As before, the cra-j 
are positively homogeneous of degree a — j. 
By linearity of p we have: 

JV-l 

P(O-) = /'(XC^a-j) +P('^(iV))- (9) 

J=0 

Let now ct G 5. Since by the assumption on S the symbol a has vanishing residue we can write as in 
the proof of Proposition [3l cra-j = di-Ta+i-j for some ij G {1, • • • , n} and some homogeneous symbol 

By the closedness condition p (9^^ (x Ta+i-j)) = so that 

Summing over j ~ 1, - ■ ■ , N — 1 we get: 

P{(^) ^-Y^P a^hX) T-a+l^j) + P (cr(Ar)) ■ (10) 

Another choice of primitive fa+i-j ~ Ta+i-j + cj modifies this expression by Cj X^jLo^ P i'^ijX) which 
vanishes. 

Since N can be chosen arbitrarily large, formula (jlOp shows that p is uniquely determined by its ex- 
pression on symbols of arbitrarily negative order. 

^i.e. its restriction to symbols of constant order is continuous. 
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Thus p is determined by its restriction to f^n^nCSf^^^ {W^) ~ CS^°°{W^). This restriction is con- 
tinuous as a result of the continuity of the restriction of p to any CS'"j.(M"). Thus p restricted to 
CS'~^(R") can be seen as a tempered distribution with vanishing derivatives at all orders. Such a 
distribution is a priori of the form / ^ /(.J) (/)(^) for some smooth function 0; since aU its deriva- 
tives vanish, is constant so that p restricted to smoothing symbols is proportional to the ordinary 
integral j^M- 

From the above discussion we conclude that two closed and continuous (on symbols of constant order) 
linear forms pi and p2 on a set S which satisfy the assumptions of the theorem are proportional. 
The cut-off regularised integral is continuous on symbols of constant order. Thus, if it has Stokes' 
property on the set 5, we infer from the above uniqueness result that p is proportional to _;/^„ . □ 

Here are some examples of subsets of CS'c.c(R") which fulfill the assumptions of Theorem [5] and 
on which the cut-off regularised integral ^„ satisfies Stokes' property in view of of Corollary [21 

Example 1 The set CSf^{W^) of non integer order symbols. 

Example 2 In odd dimension n the set 

C^°f (R") {a e = (-1)"-V,„, e R"} 

of odd- class symbols. 

Example 3 In even dimension n the set 

C5,«™"(R") := {a G C^Ll^"), ^a-A-^) = h^T^'^^^a-AO S R"} 
of even- class symbols. 

From these examples we get the following straightforward application of Theorem [51 

Corollary 3 Any closed linear form on CSf^iW^), resp. CS'°'J^(R") in odd dimensions, resp. CS'°™"(R") 

in even dimensions is determined by its restriction to symbols of arbitrarily negative order. 

If it is continuous on symbols of constant order, it is proportional to the cut-off regularised integral 



®I thank E. Schrohe for drawing my attention to this point. 
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2 Existence: The canonical trace on odd- (resp. even-) class 
operators in odd (resp. even) dimensions 

We show that the canonical trace density TRx{A)dx defines a global density in odd (resp. even) 
dimensions for odd- (even-) class operators A which integrates over the manifold to the (extended) 
canonical trace 

TR(^) -Ltt / dxTR,{A). 
VStt Jm 

To do so, on the grounds of results of [PSj . we carry out a continuous extension along holomor- 
phic paths z ^ A{z) G C£{M,E) such that A{0) e C£°'^'^{M,E) and ^'(0) € C£°'^'^{M,E) (resp. 
A{0) G Cr™"(M,£:) and ^'(0) G Cr™"(M,£;)), and show that the extension is independent of the 
holomorphic path, thereby extending results of [KVj and |Gr| . Along the way wc define the noncom- 
mutative residue on the algebra of classical pseudodiffercntial operators as well as the canonical trace 
on non integer order classical pseudodiffercntial operators. 



2.1 Notations 

Let J7 be a connected open subset of M" where as before we assume that n > 1. 

For any complex number a, let S^p^.{U) denote the set of smooth functions on U x called symbols 
with compact support in U, such that for any multiindiccs l3,j £ N", there is a constant C{(3,j) 
satisfying the following requirement: 



\d^d2aix,0\<Cil3,j)\il + \^\f<-y 



where Re(a) stands for the real part of a, \^\ for the euclidean norm of ^. We single out the subset 
CS'°pj(]R") C 5°pj(]R") of symbols a, called classical symbols of order a with compact support in U, 
such that 

Af-l 
3=0 

where (T(7v) G S^~^^ (U) and where x is a smooth cut-off function which vanishes in a small ball of 
M" centered at and which is constant equal to 1 outside the unit ball. Here aa-j{x,-), j G No are 
positively homogeneous of degree a — j. 
Let 

be the set of smoothing symbols with compact support in U; we write a ^ t for two symbols that 
differ by a smoothing symbol. 

We equip the set CS^p^{U) with a Frechet structure with the help of the following semi-norms labelled 
by multiindiccs a, (3 and integers j > 0, N (see [H]): 



Ml 

The star product 



sup.,^,^,K.(i + iei)-«°('^)+^+i'^i|ia,"af a- ^x(e)^a-, I (.T,OII; 

suPxe(7,|£|=il|5" afo-a-j (a;, oil ■ 



a*r^^^4^a^Va,"r (12) 

a 



of symbols a G CS^^^iU) and t G CS'°pt(C/) hes in CS^+^{U) provided a - 6 G Z. 
Let 
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denote the algebra generated by all classical symbols with compact support in U . We denote by 
^^cpt{U) •= URe(a)<p ^"^cptC-^)! the set of classical symbols of order with real part < p with compact 
support in t/, by CS'^^^{U) := IJ^^^ CS'^^^iU) the algebra of integer order symbols, and by CSf^^_{U) := 
Ua6C-z ^^cpt{U) the set of non integer order symbols with compact support in U. 
We shall also need to consider the set introduced in |KV| 

C^°p^f ([/) := {a e CS^.iU), = V(x,0 e T*U} 

of odd-class (also called even-even in |Grj ) symbols and the set introduced by G. Grubb (under the 
name even-odd) 

cs^j^riu) ■■= W e csf^,{u), a,_,(-e) = (-i)"--''+V,_,(0 y{x, e T*u} 

of even-class symbols with compact support in U. 

Whereas CS°p^{U) is stable under the symbol product p^ . C5'°p™(?7) is not since the product of two 
even symbols is odd. Similarly, one can check that the product of an odd and an even symbol is odd, 
two properties which conflict with the intuition suggested by the terminology even/odd suggested by 
[KVj (hence the alternative terminology used by Grubb). 

The above definitions extend to non scalar symbols. Given a finite dimensional vector space V and 
any a € C we set 

C5,V(C/, V) := CS^p.iU) ® End(l^) 

Similarly, we define CS{U, V) , CSf^^iU, V), CSf^^iU, V) and CS°^^{U, V), CS',^^?"([/, V) from CS^ptiU), C Sf^^iU) , C Sf^ 
and CS°^,^{U),CSrpriU). 

Remark 4 Note that a G CS^p^{U, V) =^ ti'((T) E CS"'{U) where tr stands for the trace on matrices. 
Similar properties hold for CS^^^iU, V), CSf^^{U, V) and CS°^^{U, V), CS'°^t™(f/, V). 

Let M be an n-dimensional closed connected Riemannian manifold (as before n > 1). For a £ C, let 
Cl°'{M) denote the linear space of classical pseudodifferential operators of order a, i.e. linear maps 
acting on smooth functions C°°(M), which using a partition of unity adapted to an atlas on M can 
be written as a finite sum of operators 

A Op(cr(A)) + 

where i? is a linear operator with smooth kernel and a{A) e CS'^p^{U) for some open subset U C M". 
Here we have set 

Op(ct)(u) := / e'^''-y-^^(j{x,£)u{y)dydi 
where (•, •) stands for the canonical scalar product in M". 

The star product (jl2p on classical symbols with compact support induces the operator product on 
(properly supported) classical pseudodifferential operators since Op(fT * r) = Op(cr)Op(T). It follows 
that the product AB of two classical pseudodifferential operators A G C£"'{M), B € Ct^{M) lies in 
Ct"^^{M) provided a - 6 G Z. Let us denote by C^(M) = {{j^^^CtiM)) the algebra generated by 
all classical pseudodifferential operators acting on C°°{M). 

Given a finite rank vector bundle E over M we set Ct{M,E) := Ct{M) ® End(£;), Ci{M,E) := 
C£{M)(g)End{E). 

Remark 5 Note that if A Cz C£°'{M, E), in a local trivialisation E]^^ ~ [/ x ^ over an open subset U 
ofM, the map (x,^) ^ a{A){x,^) lies in CS"'(t/,y). 

C£°'{M, E) inherits a Frcchet structure via the Frcchet structure on classical symbols of order a. 
The algebras C £'^^ {M , E) ,C £'^^ {M , E) , C£°'^'^{M,E),C £"""''' {M,E) are defined similarly using trivial- 
isations of from CSf ^{U) C£l^{U),C£t^,{U) and Cf°;Jf(M). 
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2.2 Classical symbol valued forms on an open subset 

The notations introduced in paragraph 1.1 for symbols on M" with constant coefficients easily extend 
to symbols with support in an open subset of J7 C M" with varying coefficients. 

Let J7 be a connected open subset of R" as before. We borrow from [MMPj (see also [LP] ) the following 
notations and some of the subsequent definitions. 

Definition 5 Let k be a non negative integer, a a complex number. We let 

n''CS^p,{U) {aen''{T*U), a= aij{x,^)d^i Adxj 

/,,/C{l,--- ,n},|/| + |J|=fc 

with a/j e C5"p"J^'([/)} 

denote the set of order a classical symbol valued forms on U with compact support. Let 

n'^CS.ptiU) = {aen\T*U), a= aij{x,Od^i/\dxj 

/,JC{1,--- ,ri},|/| + |J|=fc 

with ajj e CS,pt{U)} 

denote the set of classical symbol valued k- forms on U of all orders with compact support. 

The exterior product on forms combined with the star product on symbols induces a product ^l''CScpt{U) x 
n'CS,pt{U) n'^+'CScptiU); let 

oo 

ncs,pt{u) :=0r!^c^cpt(t/) 

fe=0 

stand for the Nq graded algebra (also filtered by the symbol order) of classical symbol valued forms on 
U with compact support. 

We shall also consider the sets n''CS'^p^{U) := IJaez ^'^ ^'5'cpt(^) of integer order classical symbols val- 
ued fc-forms, ^^CS^^{U) := Ua^ z ^'^cpt(f^) of ^'^^ integer order classical symbol valued fc-forms, 
n''CS°p^{U), resp. fl''CS^p^'^{U) of odd- (resp. even-) classical symbol valued fc-forms. 

Exterior differentiation on forms extends to symbol valued forms (see (5.14) in |LP] ): 

d-.n'^cs.ptiu) ^ n'^+^cs.ptiu) 

2n 

aij{x,S.)dCi Adxj djaijiQ duj A d^i A dxj, 

i=l 

where Ui = di = d^. if 1 < z < n and Ui = Xi,di = dx^ if n + 1 < i < 2n. 

As before, we call a symbol valued form a closed if da = and exact li a ~ d(3 where /? is a symbol 
valued form; this gives rise to the following cohomology groups 

H'^CScptiU) := {a e n'^CS.ptiU), da ^ 0} / {dp, (i £ Vt'^-^CS^ptiU)}. 



Let !?([/) C CScpt{U) be a set containing smoothing symbols. Wc call a linear forrrQ p : VlU) — > C 

singular if it vanishes on smoothing symbols, and regular otherwise. 

A linear form p : 'D{U) ^ C extends to a linear form p : i7I?([/) C defined by 

p{aij{x,£,)d£,,. A--- Ad^,|,| A dxj^ A • • • A dx^- ) := p(a/,/) (5|/|+| j|_2„, 

with ii < • • • < ji < • • • < Here we have set 

\I\ + \J\<k 

This is a straightforward generalisation of Lemma [TJ 

''By linear wc mean that p{ai ci -|- Q2 ""2) = cti pC""!) + p{^2) whenever ai,a2, Qi ci -|- 02 ""2 lie in ©(f/). 



16 



Lemma 3 Let p : "DiU) C CS'cpt(f^) C he a linear form. The following two conditions are equiva- 
lent: 

3i, j e {!,• • • ,n} s.t. cr = %TeX>([/) or a^d^^T(^V{U) =^ p{(t) = 

a^d(3 en"V{U) =^ 

As before we call closed a linear form p obeying the second condition and by extension p is then also 
said to be closed. We also say that p satisfies Stokes' condition. 

Remark 6 A closed linear form p on flCScptiU) induces a linear form p : H*CScpt{U) — > C. 
Proposition 5 A linear form p : 'D{U) C CScpt{U) — > C is closed whenever 

p({a,T},) = y<j,T eCScpt{U), s.t. {a,T}^eViU) 

where we have set: 

Proof: If the linear form is closed, we can perform integration by parts and write: 

a 
a 

= 0. 

Conversely, if the linear form vanishes on brackets {•, contained in 'DiU) then for any a G CScptiU) 
such that dxi(J = i {cr, Ci}* S 'D{U) we have 

Pidx^cr) = ip({6,cr}*) = 

and similarly for any a € C'ScptiU) such that d^-a = i {xi, cr}^ G 'D{U) we have 

□ 

2.3 The noncommutative residue 

Definition 6 The noncommutative residue of a symbol a G CScpt{U) is defined by 

'"'^^(^) f dx [ a-n{x,0 psiO = [ rcsx{cr)dx 

(2tt)" Jjj Js„-i ^27r Ju 

where TeSx{cr) := -y^^ Is"-^ '^~n{x,£,) ^f^^ residue density at point x and where as before 

n 

PsiO - d^i A • • • A d^- A • • • A d^n 

i=i 

denotes the volume measure on 5"^"'^ induced by the canonical measure on R". 

Lemma 4 The noncommutative residue is a singular closed linear form on CScptiU) which restricts 
to a continuous map on each CS^p^{U), a G C. 
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Proof: The continuity follows from the definition of the residue H. Stokes' property follows from 
Stokes' property of the ordinary integral on C^^.{U) combined with the fact that the residue density 
veSx vanishes on derivatives d^j which follows from Proposition [2] □ 

Using a partition of unity, one can patch up the residue on classical symbols with compact support to 
build a noncommutative residue on classical operators on a closed manifold AI introduced by Wodzicki 
[WT] (see also [GT]). 

Definition 7 The noncommutative residue of A € Cl{M, E) is defined by 



M 

where veSx{A) := -^j=n: /g.j;/ tfr (o'(^))_„ (2;, ^) /^s(C) ^^^^ residue density at point x and where as 
before 

n 

f'siO ■■= dfi A • • • A d^- A • • • A de„ 

denotes the volume measure on the cotangent sphere S*M induced by the canonical measure on the 
cotangent space T*M at point x. Here tv^ stands for the fibrewise trace on the vector bundle End{E). 

Remark 7 It follows from the definition that the residue is continuous on each C£°'{M,E), a g C. 

We derive the cyclicity of the residue on operators from Stokes' property of the residue on symbols. 
Proposition 6 

res([A,B]) = 'iA,BeC£{M,E). 
Proof: The product of two fDOs A, B in C£(M, E) reads 

AB= y ^^^0^{d?(T{A)d^(j{B))+RN{AB) (13) 

|q|<JV 



for any integer N and with Rm{AB) of order < a + b — N where a, b are the orders of A, B respectively. 
Hence 

^] = E ^^OP i^t^i^) ^>(B) - dta{B) d^a{A)) + Rn{\A, B]) 

\a\<N 



with similar notations. 

Applying the noncommutative residue on either side, choosing N such that a + b — N < —n we have 
res " ' ' 



{[A,B]) = J2 LAI f dx-f tr, {df a{A) dy {B) ~ <j{B) d^aiA)) d^ + i-cs{R^{[A,B])) 
= E / ^-^Z t^'.{9t'^iA)d>{B)-dy{A)dy{B)) d^ 

\a\<N -^^^ -^K" 

= 0. 

In the last identity we used Stokes' property for residue on symbols to implement repeated integration 
by parts combined with the fact that the residue vanishes on symbols of order < —n and the cyclicity 
of the ordinary trace on matrices. □ 



*Note that this continuity holds only on symbols of constant order; it breaks down if one lets the order vary. 
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2.4 The canonical trace on non integer order operators 

The cut-off regularised integral extends to CScpt{U). 

Definition 8 For any a G CScpt{U) the cut-off regularised integral of a is defined by 



4 a dx -I d£_a{x,S^). 

Jt'U Ju Jt'U 



IT'U JU JT^U 

It extends to pseudodifferential symbol valued forms by 



4 ajjd£,i A dxj ;= I 4 ajj 
Jt'U \Jt*u 



'5|/| + |J|=2n 



where d^/ := d^^j A • • • A d^i^ with ii < ■ ■ ■ < ik and dxj := dxj^ A • • • A dxj^ with ji < ■ ■ ■ < ji. 

Lemma 5 The cut-off regularised integral is a linear form on CScptiU) which restricts to a continuous 
linear form on each CS^p^(U) and satisfies Stokes' property on non integer order symbols: 

3j = 1, • • • , n, cr = d^^T or a = %.t with a G CSfp^iU)) => -f cr = 0. 

Equivalently, it extends to a linear form on flCScpt{U) which restricts to a continuous linear form on 
each nC S^p^{U) and is closed on non integer order symbols valued forms: 



= dPenCSf^,{U))^-f a = 

' JT'U 



Proof: We prove the first statement. The continuity follows from the continuity of the cut-off regu- 
larised integral on CS^^ (R") for any a S C. Similarly, Stokes' property follows from Stokes' property 
of the ordinary integral on C^p^"{U) combined with the fact that the cut-off regularised integral 
vanishes on derivatives 9^^. of non integer order symbols as a result of Proposition [H □ 



Using a partition of unity, one can patch up the cut-off regularised integral of symbols with compact 
support to a canonical trace on non integer order classical pseudo-differential operators [KVj . 

Definition 9 The canonical trace is defined on C£^^{Af E) by 

TR(A):=-i- / dx-f tr,(a(A)(x,0) / TR,iA)dx 

l^""; JM JT^M v27r Jm 

where TRa;(A) := ^^^n j^'M^''-^ '■s canonical trace density at point x. 

The canonical trace is tracial on non integer order operators as a consequence of Stokes' property for 
cut-off regularised integrals on non integer order symbols. 

Proposition 7 Let A g C'£{M), B G C£{M,E) be two classical operators with non integer order 
such that their bracket [A, B] also has non integer order. Then 

TR{[A,B]) = 0. 

Proof: The product of A and B on M reads 

AB^ Y t^Opid? a{A)dy{B))+RN {A B) 

\a\<N 

for any integer N and with Rn{AB) of order < a + b — N where a, b are the orders of A, B respectively. 
Hence 

\a\<N 
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with similar notations. 

When the bracket [A, B] has non integer order, we can apply the canonical trace on either side and 
write: 




= ty {Rn {[A, B])). 

In the last identity, we used Stokes' property for cut-off regularised integrals on non integer order 
symbols (see Lemma [SJ to implement repeated integration by parts in order to show that the integral 
term on the r.h.s. vanishes using the fact that the ordinary trace on matrices is cyclic. 
Thus we have 

TR([AS]) =tr [RnHAB])) 
with Rn{[A, B]) of order < a + b- N. 

Since N can be chosen arbitrarily large, we have TR([A, i?]) = tr (i?oo([^, -B])) for some smoothing 
operator 7?oo ( -S] ) • 

On the other hand, for any smoothing operators S, T the operators [S, B] and [A, T] are smoothing and 
a direct check using the kernel representation of these operators shows that TR ( [S*, B]) = tr ( [5, S] ) = 
and similarly, TR ([A, T]) = tr ([A, T]) = 0. It follows that TR ([A + 5, B + T]) = TR ([A, B]) leading 
to 

tr {RU[A + S,B + T])) ^ tr (i?oo([A B])) 

for any smoothing operators S,T. But this means that the bilinear form {A, B) i-^ tr (i?oo([^, -S])) is 
purely symbolic, namely that it depends only on a finite number of homogeneous components of the 
symbols of A and B, which by its very construction is clearly not the case unless it vanishes. This 
proves that tr (i?oo([^, B])) = and hence that TR ([A, B]) = 0. □ 



2.5 Holomorphic families of classical pseudodifferential operators 

The notion of holomorphic family of classical pseudodifferential operators first introduced by Guillemin 
in [Glj and extensively used by Kontsevich and Vishik in |KV] generalises the notion of complex power 
A^ of an elliptic operator developped by Seeley [Se], the derivatives of which lead to logarithms. 

Definition 10 Let be a domain of C and U an open subset o/K". A family {a{z))z^Q C CS{U) is 
holomorphic when 

(i) the order a{z) of a(z) is holomorphic on fl. 

(a) For (a;,^) £ U x R", the function z cr(z)(x,^) is holomorphic on fl and Vfc > 0,d^a{z) G 
S°'i^)+^(U) for all e > 0. 

(Hi) For any integer j > 0, the (positively) homogeneous component <7cc{z)-j{z)ix, £,) of degree a{z) — j 
of the symbol is holomorphic on fi. 

The derivative of a holomorphic family cf{z) of classical symbols yields a holomorphic family of symbols, 
the asymptotic expansions of which a priori involve a logarithmic term. 

Lemma 6 The derivative of a holomorphic family cr(z) of classical symbols of order a(z) defines a 
holomorphic family of symbols cr'{z) of order a{z) with asymptotic expansion: 

oo 

a'{z){x, O-Y. ^(^) (log 1^1 + O) V(a;, & T*U (14) 

for some smooth cut- ojf function x around the origin which is identically equal to 1 outside the open 
unit ball and positively homogeneous symbols 

= |Cr^^^~^ a. (a„(.)-,(~')(a;, ||)) , a:,(,)_^.i(z) =a'(z)a„(,)„,(z)(x,C) (15) 

of degree a{z) — j. 
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Proof: We write 

oo 

ct{z){x,C) - ^x(^)o■a(^)-J(2)(a:,0• 
i=o 

Using the positive homogeneity of the components (7a{z}-j we have: 



dz {cra(z)-j{z){x,0) 
a'(z)|erW-^a„(,)_,(z)(a;,l)) log|e| + ler^^^-^a. 



= (a'W'T„(.)-,(^)(x,C))log|e| + |Cr^^^-^5. 
which shows that dz {cr^(^^j_j{z){x,£,)) has order a{z) — j. Thus 

j<Ar 

hes in S"^-^^~^^' (U) for any e > so that <t'{z) is a symbol of order a{z) with asymptotic expansion: 

oo 

a'(z)(x,O^E^(^)'^a(.)-,W V(a.,OeT*[/ (16) 

where 

for some positively homogeneous symbols 



and 

of degree q;(2;) — j. 

On the other hand, differentiating the asymptotic expansion a{z){x,S^) ~ J2j=oXi£,) '^a{z)-j{z){x,S.) 
w.r. to z yields 

Hence, 

5. K(.)_,(2)(x,0) =a:.(,)_,-(z)(x,0 = ICr^^^-^'a. ||)) log 1^1 

as announced. □ 

Correspondingly we recall the notion of holomorphic classical pseudodifferential operators. 

Definition 11 A family {A{z))zen G Ci{M,E) is holomorphic if in any local trivialisation we can 
write A(z) in the form A{z) = Op((T{A(z)))+R{z) , for some holomorphic family of symbols {a{A(z))) 
and some holomorphic family (i?(z))zgn of smoothing operators i.e. given by a holomorphic family of 
.smooth Schwartz kernels. 



It follows from HH) and (HS]) that 

dz (fT(A(z)),(,)_,) = a„(,)_j(A'(z))(x,C) 

= a'(zK(.)-,(A(z))(.T,0 logl^l + ier^^'-^'a. (^a„(,)_^(^(z))(.T, ||)) {x,0. (17) 
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We call admissible with spectral cut an operator A G C£{M, E) with leading symbol (Ti(A) that has 
no eigenvalue on the ray Lg = {re'^^,r > 0} in which case it is elliptic, and such that the spectrum 
of A docs not meet the open ray {re*^,r > 0}. In that case, following Seeley [Se], one can define the 
complex power Ag which yields a holomorphic family z t-^ Ag in Ci{M, E). 

Example 4 Given an admissible operator A G Ct°'{M, E) with spectral cut 9, the operator A{z) = Ag 
is a holomorphic family and we have A'{0) = {dzAg)z=o = ^ogg A. Furthermore, it follows from ([J 
that: 

a_,(loge A){x,0 = =a6,,o log 1^1 + a-,,o(logf, ^ 

with 



a_,-o(log, - ler-' ( dz ( ||) ) 



2.6 Continuity of the canonical trace on non integer order classical pseu- 
dodifferential operators 

It follows from the very definition of the canonical trace that it is continuous w.r. to the Frcchet 
topology on C£"(A/, E) for every a ^ Z. In this paragraph wc discuss its continuity on (holomorphic) 
families of varying order. 

The following proposition collects results from |KV| and |PS| . 

Proposition 8 Let a{z) E CS{U) (resp. A{z) E C£(AI, E)) be a holomorphic family of order a{z) 
such that a'{0) ^ 0. The map 



a{z){x,^)d$, 



T'U 



(resp. z I— > tr(A(z))j is holomorphic on a ^ {\ — oo,— n[) and extends to a meromorphic map z 
:/5^.j/tra; {a{z){x,S^)) d£, (resp. z ^ TR(A(z))j on the complex plane with simple poles and \K\lj 



Resz^o 4 a{z){x,^)d^ = ^res^(cr(0)(.T, ^)), 

Jtx'U a (0) 

( resp. 



(18) 



Res..oTR(A(^)) = -^res(A(0)). ) (19) 



Furthermore, if a{z) is affine in z fPi 

fp.=o/ a{z){x,Odi = -f tr,(<T(0)(a;,e)) rf^-^ / a'(0)(a;, •) Vx e C/ (20) 

J T'U J T'U " (0) JstU 



resp. 



fp,=oTR(A(z)) = dx (^TR,(A(0)) - -i^rcs,(A'(0))) . ) (21) 



Corollary 4 The canonical trace on non integer order operators is continuous along holomorphic 
families with affine order. In other words, for any holomorphic family A{z) € C'£{M, E) with affine 
order a{z) such that A{Q) e C£'^^{M,E) 

lim TR{A{z)) = TR(^(0)). 

z—>0 

Proof: We can assume that the order a{z) of A{z) satisfies a'{0) ^ for otherwise the order is 
constant in which case we already know that the canonical trace is continuous at 0. 
If a'{0) 7^ 0, the map z i-^ TR(^(z)) is holomorphic at z = since by equation ([H]) 

Res,=oTR(A(2;)) = -l^res(A(0)) 
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which vanishes as a result of the non integrahty of the order of ^(0). Since the derivative A'{0) at 
2 = has same order a(0) as A(0) which is non integer by assumption, ^'(0) also has vanishing residue 
density so that by equation (j2ip we have: 



fp,=oTR(^(^)) = f TR,(A(0))dx - TR(A(0)). 

V27r Jm 



□ 



2.7 Odd- (resp. even-) class operators embedded in holomorphic families 

For any integer a, the condition aa-j{x, = {—l)""^^ aa-j{x,£,) Vj e N U {0} which characterises 
a classical symbol of order a that lies in the odd-class, extends to log-polyhomogeneous symbols of 
logarithmic type 1: 

i=o 

with cr^_j (a;, •), i = 0, 1 positively homogeneous of degree a — j. One requires that 
or cquivalently that 

= (-!)"-■'■<-, (-^,6 VjeNU{0} V(x,0€T*[/ 

for both 1 = and i = 1. 

Proposition 9 fBjj Given an admissible operator A G C£°'^'^{M, E) with positive order a > and 
spectral cuts 6 and 6 — an, the symmetrised logarithm 

where we have set Ag{z) := — — 2""'"' ' ^^^^ odd-class. 

Remark 8 When the order a of A is even, then Ag ~ Ag^a-n so that Ag{z) = Ag and A'g{Q) = logg A. 
This yields hack the known fact \KVf that the logarithm of an odd- class admissible ^I^DO with even 
order lies in the odd-class. 

Proof: Recall that the homogeneous components of the symbol of Ag are 

a,,^,iAI){x,0 = ^l^ \lq-a-j{x,^A)d\. (22) 

withjS] 

q-a = {aa{A) - A)-i 
q-a-,^-q-a{ l^,d'^<ra-k{A)DZq-a-l 

\k+l+\a\=j,l<j 

the positively homogeneous components of the resolvent (^ — A/)~^. In other words, these components 
q-a-i are positively homogeneous in A^) i.e. for t > 0, for {x,£) G T*M, 

qk{x,ti,t^\) = t^qk{x,i,\) V<>0. (23) 
If ^ G C£°'{M, E) lies in the odd-class, this extends to any real number t since we have |KV| par. 2 

qu{x, -C, (-1)"A) = (-1)'= qk{x, t A). (24) 
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Now, assume that Rc z < 0. A Cauchy integral gives 



2tt 



re 



where Tg is an appropriate contour around the spectrum of A along the ray Lg. 
By a change of variable, we obtain 



27r 



Thus 

aa._,(A^)(.T,-0 = e-(— (25) 

Since both the left and the right hand side of this equality are analytic in z, we conclude that the 
equality holds for all z S C. Similarly, 



so that 

Differentiating w.r. to z on cither side yields: 

<7a.^,{d,Al){x-S,) (27) 
= a.(a,,_,(A^)(a;,-0) 

= z^ae"(--^)a„,_,(Ag_,J(z,e) +e-(— ■'V,,_,(a.A^_,J(x,0. (28) 

Similarly, differentiating ([25]) on cither side yields: 

a,,_,(5.Ag„,J(z,-0 (29) 
= 94a„,_,(A^,J(x,-e)) 

= 5,(e-(— ^■)a,,_,(A^)(x,0) 

= -*7rae^^('^^-J")(7_a.-j(A^)(a;,0 + e"(-'^^-^'V-a.-,(5,^^)(x,0- (30) 
Combining equations (P7)) and yields at z = 0: 

g-, ((9.Ag)|^^^) (x,-g) ((9,Ag_,,),^^J (:., 



a_,(A'(0))(x,-O 



= (-l)%_,(A'(0))(x,O 
so that A'(0) lies in the odd-class. □ 
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Example 5 Take M a Riemannian manifold and A ~ Ag the Laplace Beltrami operator with 6 — ^. 
It has order 2 and lies in the odd-class since it is a differential operator. Then Ag(0) = logf ^^e^ 
in the odd-class. 

Example 6 Let AI he a spin manifold and E ~ S ®W a twisted bundle with S the spinor bundle and 
W an exterior vector bundle over M . From a twisted connection = V"^ ® 1 + 1 (g) V*^ on E, with 
V'^ the connection on S induced by the Levi-Civita connection on M , a connection on W , one can 
build the corresponding twisted Dirac operator D ~ c - V^. Here c stands for the Clifford multiplication 
on the Clifford bundle E. D is an admissible operator of order 1 which lies in the odd-class since it is 
a differential operator. Moreover, since it is self-adjoint, its spectrum is real so that it has spectral cut 
6* := f and 6* - TT = -f . 

Take the order one differential operator A = D. It lies in the odd-class and so does its symmetrised 

logx D+log_i D 

logarithm — ^ — . 

Corollary 5 Provided there is an admissible operator Q G C£°'^'^{M,E) with positive order q and 
spectral cuts 6 and 6 — qir, then any operator A G Ct'^'^{M,E) (resp. A e C t^'''' {M , E) ) can be 
embedded in a holomorphic family 

such that (^zA'^ {z)^ lies in the odd-class (resp. even-class). 

Proof: This follows from Proposition [9] applied to Q combined with the stability of the odd-class 
under products (resp. the fact that the product of an even and odd-class operator is even). 
Let us focus on the odd-class case, since the proof in the even-class case goes in a similar manner. 
By Proposition Qg(0) lies in the odd-class. Since 



applying 

a 

to A and B = Q'q{Q) yields that (dzA^{z)\ hes in the odd-class since A G Ct'^'^{M, E). □ 

^ ' U=o 

2.8 The canonical trace on odd (resp. even)-class operators in odd (resp. 
even) dimensions 

In the sequel, M is an odd- (resp. even-) dimensional manifold. Let tt : E M be a vector bundle 
over AI such that there is an admissible operator Q G Ci°'^'^ {M , E) with positive order q and spectral 
cuts 6 and 6 — qn. 

Remark 9 In view of the above examples, these assumptions are fulfilled in very natural geometric 
setups. 

Theorem 3 The canonical trace TR extends continuously to Cf"^'^{M,E) in odd dimensions (resp. 
Ct^^^{AI,E) in even dimensions) in the following manner. 

Let AI be odd (resp. even) dimensional. For any holomorphic family A{z) G C£{AI,E) with non 
constant affine order such that both A{0) and A'(0) He m Ct'^'^{M,E) (resp. C AI, E)), 

L the map z t-^ TR(A(z)) is holomorphic at z ~ 0, 

2. Jj^j (^Jrp,j^jtTxO'{A{0))(x,S,)d^^ dx defines a global density on AI so that 




TR(A(0)) = -i- / 1/ tr.MA{0)Kx,Oda dx 



T*M 



is well-defined. 
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3. lim^=oTR(A(z)) = TR(A(0)). 



Proof: We carry out the proof in odd dimensions for odd-class operators. The proof goes similarly 
in the even dimensional case for even-class operators. 

Since the noncommutative residue vanishes on Ct'^'^{M, E) and A(0) e Ct'^'^{M, E), we have res(A(0)) = 
0. It follows from (|18p that the complex residue ReSz=oTR(^(2:)) which is proportional to the non- 
commutative reside res(A(0)) vanishes so that the map z > TR(A(z)) is holomorphic at z = 0. We 
now apply (|20p to a{z) := (j{A{z)); since ^'(0) lies in the odd-class, it has vanishing residue density 
res^(yl'(0)). Consequently, 

lim/ tr,(a(A(z))(x,0)rf^ = / tr,(a(A)(a;, 0) = ^2^" TR,(^(0)) Vx G Af. 
Since the l.h.s gives rise to a globally defined density 

(fp.=o/ <j{Aiz)){x,Odn dx^ llimj aiA{z)){x,Odn dx 

so does the right hand side give rise to a globally defined density TRa;(A(0)) dx. Integrating over M 
yields the existence of TR(^(0)) and: 

lim TR(^(z)) = — / TR^(A(0)) dx = TR(A(0)). 
V27r Jm 

□ 



Corollary 6 Any operator A e C£°'^'^{M,E) in odd dimensions (resp. A S Ct'""'{M,E) 
dimensions) has well-defined canonical trace 



TR{A) = [ dxl-f tr. 



(a^(x,0) d^ 



and TR(^) = limz_>o TR(^(z)) for any holomorphic family A{z) with non constant affine order such 
that A{Q) = A and A'{Q) lie m Ct'^'^{M,E) (resp. C M, E)). In particular, 

• Kontsevich and Vishik's (resp. Grubb's) extended canonical trace \KVI (resp. \Grf ) on odd-class 
(resp. even-class) operators in odd (resp. even) dimensions, 

A ^ Tr(_i)(A) lim TR(AQi) 

with Q € Cl°^'^{M,E) an admissible operator of even positive order close enough to a positive 
self-adjoint operator, 

• the symmetrised trace introduced by Braverman JBj^ on odd- class operators in odd dimensions 

A ^ Tr^y'"(^) := linr TR(A^(z)) 

with Q G C£°'^'^ (M, E) an admissible operator of any positive order q and with spectral cuts 9 
and 9 — qir, 

coincide with the canonical trace. 

We also recover as a side result the fact jKVj that the extended canonical trace vanishes on brackets 
of odd-class operators. 

Corollary 7 In odd dimensions, for any operators A € Cr'"*(M, E), B € Ce°'"'{M, E) we have 

TR{[A,B]) = 0. 
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Proof: With the notations of Proposition [9l the holomorphic family C{z) = A^{z),B'^{z) has 

derivative C"(0) = [AQ'g{0),B] + [A,BQ'g{0)] at z = 0. It hes in the odd class as a result of the 
stability of the odd-class under products. The result then follows from applying Theorem [3] to the 
holomorphic family C(z). Since TR(C(z)) vanishes as a meromorphic map as a consequence of the 
vanishing of the canonical trace on non integer order brackets, taking finite parts as z — > wc find that 

= TK{[A,B]). 

□ 
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3 Uniqueness : Characterisation of linear forms that vanish 
on operator brackets 

We prove that the noncommutative residue on the algebra of classical pseudodifferential operators, the 
canonical trace on the set of non integer order ones, or in odd (resp. even) dimensions on the classes 
of odd- (resp. even-) class operators, are the unique (possibly continuous) linear forms that vanish 
on brackets. The classes to which the canonical trace naturally extends have in common that their 
operators have symbols with vanishing residue density. 

3.1 Uniqueness of the noncommutative residue 

We use the notations of section 2; in particular U is an open connected subset of M". 

Proposition 10 Any singular linear form p : CScptiU) — > C which restricts to a continuous map 
on CS^p^{U) for any a e C and which fulfills Stokes' property is proportional to the noncommutative 
residue. 

Equivalently, any closed singular linear form p : flCScpt{U) ^ C which restricts to a continuous linear 
form on nCS^p^{U) for any a €z C is proportional to the noncommutative residue res extended to forms. 

Proof: By similar arguments as in the case of symbols with constant coefficients we can check that 
the two statements are equivalent. Let us prove the first one. For any fixed / G C^j([/) the map 
Pf : a t-^ p{f cr) defines a singular linear form on CS'c.c(R") which vanishes on derivatives in ^ since 
we have p{f d^.a) = p{d(^-{f a)) = 0. By Theorem [U it follows that there is a constant c(/) such 
that p{f ct) = c(/)res(CT) for any a G CS'c.c(R")- Since / i— *■ p{f cr) is continuous, c : f ^ c{f) lies 
in (C^^(J7)) . A general symbol a £ CScpt{U) can be approximated by linear combinations of tensor 
products f <E) (J with / G C^j(C/), cr G CSc.d^" )- It follows from the continuity of p that there is a 

distribution F G [C^^{U))' such that p{a) = F{Tes{a{x, ■)) for any a G CScpt{U). This distribution 
being continuous, it reads F{f) = J^j ip{x) f{x) dx for some ip G C°°{U) so that 



But since p is closed by assumption, for any a = f ® t with t G CS'c.c(R") and / G C°°{U) we have 



so that ijj is a constant c and pijr) = c Jjj Tes{a{x, •)) dx is proportional to the noncommutative residue. 
□ 

We now derive from the characterisation of the residue on symbols in terms of Stokes' property, 
the uniqueness (up to a multiplicative constant) of the residue as a trace on C£{M) which restricts to 
continuous linear forms on each C£°'{M). It uses the following lemma. 

Lemma 7 (\Polf Lemma 3.20 and \Po2^ Lemma 4-4-) -^tiU smoothing operator A G C£{M) can be 
written as a finite sum of brackets a = "^^^ilxi, Bi] with Bi G C^^"^^(Af). 

Proof: We briefly sketch the proof which we take from [PoI| and |Po2| . A smoothing operator R has 
smooth kernel kji(x,y) so that kji{x,y) — kfi{x,x) is smooth and vanishes on the diagonal. It follows 
that there are smooth functions fci, • • • , /c„ such that fcfl(x, y) = kji{x, x) + ~ Dj) kj{x, y). Let 

Q be the operator defined by the kernel kQ{x, y) = kj^{x, x) and let Rj, j = 1, ■ ■ ■ , n be the smoothing 
operators defined by the kernels kj (a;, y) then R = Q + j=i i^j i ^j] ■ 




0-p(5.. {f®T))=p{d^J^T). 



Choosing r with non vanishing residue and integrating by parts implies that 
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Set Hj{x,y) := yj\y\ '^kg^x^x) and let Qj be the operator with kernel {x,y) > Hj{x,x — y); by 
propsotion 2.7 in [Po2| . it is a classical pseudodifferential operator of order —n + 1. Since 



i^j - Vj) 

J = l 3 



^{xj -yj)Hj{x,x~y) = X! u _ ,,12 = kQix,y), 



it follows that Q = X]J=i[^ii Qil- 

Since i?j are smoothing and Qj are of order — n + 1 the result of the lemma follows. □ 

Theorem 4 Any linear form L : C£{M) C which restricts to continuous linear forms on C£°'{M) 
for any a € C and which vanishes on brackets 

L{[A,B]) = yA,BeC£{M) 

is proportional to the noncommutative residue. 

Proof: By Lemma [71 such a linear form L vanishes on smoothing operators. 
Given a local chart (J7, 0) on M, the map 

:= L o (f>* o Op 
then defines a singular linear form on C Scpt{'i>{U))- 

For any cr G CScptiMU)) and for any Xj,j ~ 1, - • ■ corresponding to the coordinates in the local 
chart {U, (p) we havqj 

(Op(%a)u) (x) = e^<--«>5e,a(x,^)u(0de = ( ad,^.Op(a)u) (a;) V^i G C^p,{U). 

Furthermore, 

P0 o 9^^. = L o if)* o Op o 9^^. 

= —iLo(f>*o adxj o Op 
— L o 'ddxj o (j)* o Op. 

Since L vanishes on brackets, vanishes on derivatives d^^^T. Similarly, for any u G C^^{U) 
{Op{dx^a)u) {x) = / e'<--'^^dx^a{x,OHOd^ 

JR" 7R" 

= , Op(ct)] u(x). 

Furthermore, 

P4, ° dxj = L o 0* o Op o 

= L o (h* o adg o Op 

~ L o adg^ o (p* o Op. 

Since L vanishes on brackets it follows that vanishes on derivatives dx^T and therefore satisfies 
Stokes' property. 

By Proposition dni which is continuous on each CS'^p^ ((/>([/)) as a result of the continuity of L on 



^We borrow this observation from |MSSj who use it to prove the uniqueness of the extension of the ordinary trace on 
trace-class operators to non integer order operators. 
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each C£°'{M), is therefore proportional to the noncommutative residue so that there is a constant 
such that 

p^a) = L(0*Op((T)) = • res((T) Va G CS'cpt(0(C/)). 

We can now use a partition of unity {Ui,Xi)iei subordinated to an atlas {Ui,cf>i)i^i on M to write 
any operator P G C£{M) as a finite sum of localised operators P = J2iei "^i^h Pi := Xi PXi- We 
can further assume that Pi = (piOp{pi) with p, e CScpt{4'i{Ui)). It follows from the first part of the 
proof that L{Pi) = = c^. • res(pi) so that by linearity of L, we have i(P) = ^i^i) — 

'^<Pi ■ res(pi). But since the l.h.s is globally defined, the r.h.s is independent of the local chart; it 
follows that L{P) — c ■ res(P) for some constant c e C. □ 

3.2 Uniqueness of the canonical trace 

Proposition 11 Let'D{U) he a subset ofC'Scpt{U) containing smoothing symbols which is stable under 
multiplication by smooth functions: 

C^^,iU)-V{U)(lV{U). 

Let 

We further assume that C^t{U) ® {S n (^^"^(M")) is dense m V{U) n CS^^^{U) for any a e C and 
that it fulfills the requirements of Theorem [H 

Then, any continuous linear form^^ p : 'D{U) C which satisfies Stokes' property is proportional 
to the cut-off regularised integral: 

3c eC, p{a) = c-4 a \faeV(U). 

JT-U 

Remark 10 Since S fulfills the requirement of Theorem\^ we have S C Ker(res) and hence Tcs{f-a) ~ 
V/ € C^^{U), Vcr £ S. By a density argument using the continuity of the residue on symbols 
of constant order, this implies that res(/ • cr) = V/ € C^^{U), Vcr e ^{U). The requirements of 
the proposition therefore imply that symbols in 'D{U) have vanishing residue density res^; (cr(x, •)) = 
Vcr € V{U) Vx e U. 

Proof: We closely follow the proof of Proposition [TOl 

For a fixed / € C^j(J7) the map a i— > p{f cr) defines a continuous linear form on S which vanishes on 
derivatives in ^ since we have p{f d^^a) = p[d^.{f a)) = for any smooth function / e C^(.([/). By 
Theorem [51 it follows that there is a constant c(/) such that p{f cr) = c{f) ■ a for any cr G 5 and 
for any / e C^tiU)- Since CS^^{U) (g> {S D CSlJ(R")) is dense in V{U) n CS^p^lu) for any a e C and 
since p is continuous on T>{U) n CS^p^{U) it follows that 

p{a)^F(J^^a{x,-)^ 

for some continuous distribution F : f ^ Jjj f{x) (p{x) dx with G C°°{U). From the closedness of p 
we infer that p{dxif cr) = F (dxif cr) = for any cr e 5 and any / e C^^{U). Choosing cr such 
that cr ^ implies that F{dxif) = ^-^^^ hence that (j) is constant and 

p{a)^c- [ -I a = c -l cr \fcreS{U). 

□ 

Example 7 'D{U) := CSf^^{U) satisfies the assumptions of the proposition. Indeed in that case S = 
C5|^(M") fulfills the requirements of Theorem \E and C^tiU) <g) CSl^{R") is dense in CS^^^iU) for 
any non integer order a. 

^^i.e. its restriction to 'D{U) D CS^ ^{U) is continuous for any a S C 
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Example 8 // the dimension n is odd then 

V{U) := CS'°pt(C/) = {a e C5cpt(C/), (Ta^Ax, -0 = (-1)""^' fTa-j (x,0 Vx € ?7 with a = orda} 

satisfies the assumptions of the proposition. Indeed, in that case 5 = {<t £ CSc.c(I^")i '^a-ji^Cj ~ 
i-l)"-^ cr(0 with a = orda} fulfills the requirements of Theorem\^ and C^^{U) (5 n CS^^{W)) 
is dense in CS°^t{U) n CS^^^{U) for any a G C. 

Example 9 A similar statement holds in the even dimensional case replacing odd class symbols 
by even class symbols a g CS'ppt"(f7) i.e by symbols a that satisfy the requirement aa-j{x, —^) = 
(_l)a-i+i for any x € U. 

Theorem 5 Let be a subset of C£{AI) containing smoothing operators which is stable under 

multiplication by smooth functions: 

C°°{M) ■ V{M) C V{M). 

We further assume that 

1. the canonical trace is well-defined on I?(A/) and vanishes on brackets in I?(M), 

2. given any local chart {U, (j)) on AI 

5^ {a e C5c.c(M"), 0*Op(/-a) e2?(M) ^ f e C^^,{cp{U))} 

fulfills the assumptions of Theorem\^ 
Then any continuous^^ linear form^^ L : D^AI) C which vanishes on brackets: 

L {[A, B]) =0 yA,B e Ce{AI) s.t. [A, B] e V{AI) (31) 
is proportional to the canonical trace: 

3c e C, L{A) = c ■ TR{A) VA e V{AI). 
Remark 11 According to Remark \10\ it follows from the assumption 2 that X'(Af) is contained in 

Kcr(rcs)ioc(A/) := {A G C£{M), s.t. f -Ae Kcr(rcs) V/ G C°°{AI)} 
which corresponds to the linear space of operators A G C£{AI) with vanishing residue density i.e.: 
Kcr(rcs)ioc(A/) = {A G C£(Af), s.t. aAix, •) G Ker(res^) G AI} 

since 

res(/^)=0 V/gC~(M) 

^ / f{x)TCS,{aA)ix,-)dx^O V/GC°°(A.f) 
Ji\i 

^ TCSx (cta) (x,-) ^ yxeAI. 

Proof: Since the proof closely follows that of Theorem 21 wc do not repeat some of the steps common 
to the two proofs. 

Let us first observe that given any local chart ([/, 0) on M the set 

V{^{U)) := {a G CS,pt{4>{U)), 0* o Op(a) G V{AI)} 

fulfills the assumptions of Proposition [Tl] with U replaced by (f>{U) and with S replaced by as in 
the statement of the theorem. 

^^i.e. which restricts to a continuous map on D{M) n Cl°'{M) for any a £ C 

i^By linear we mean here that L{aA + 0B) = aL{A) + f3L{B) whenever A, B, aA + l3B € V{M) 
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From a linear form L on I?(Af ) which obeys the requirements of the theorem we can build the linear 
form 

:= L o (f)* o Op 

on 'D((j){U)) which obeys the requirements of Proposition fTUl Hence is proportional to the cut-off 
regularised integral so that there is a constant such that 



p^{a)^L{c^*0v{a))=c^-4 a ^ V{4>{U)). 

Jt'4,(U) 

As before, using a partition of unity to write any operator P £ Ci{M) as a finite sum of localised 
operators P = '^i*^^ XtPXti with Pi = 0,*Op(pi) with pi £ CScpt{4>t{Ui)) we infer that 

L{Pi) = P4,i{Pi) = c^, ■ if*4,i{u^)Pi ^° ^^^^ linearity of L 



L{p) = Y^m)^Y.^^^-j 



Pi- 

But since the l.h.s is globally defined, the r.h.s is independent of the local chart; it follows that 
L{P) = c • jij,.^^ a{P) = c • TR(P) for some constant c e C. □ 

Here are a few known examples of sets 'D{M) which obey assumptions 1 and 2 of the above theo- 
rem. In particular, they lie in Ker(res)jQ^(M). 

Example 10 The set C£^^{AI) of non integer order classical pseudodifferential operators on M . 
Example 11 The set 

oo 

of odd-class operators on odd dimensional manifolds M introduced in iKVf (see also \Grf where such 
operators are called even- even). 

Example 12 The set 

oo 



of even-class operators on even dimensional manifolds M (see \Grf where such operators are called 
even- odd). 

Applying TheoremElto V{M) = C^^^(M), resp. V{M) = Ct'^'^{M) in odd dimensions, resp. V{M) = 
C(.^^^'^{M) in even dimensions, leads to the following uniqueness result. 

Corollary 8 The canonical trace is (up to a multiplicative constant) the unique linear form on C£^^{M), 
resp. C£°'^'^{M) in odd dimensions, resp. CC^°^{M) in even dimensions which is continuous on op- 
erators of constant order and which vanishes on brackets that lie in C£^^{M), resp. Cr'^^(M) in odd 
dimensions, resp. C£°™"(Af). 

Remark 12 In the course of the proof we showed that the vanishing of L on brackets iSl]) implies 
Stokes' property for p^. Conversely, Stokes' property for p^ implies that L{(f>* Op{cr)) P(f>{<y) vanishes 
on brackets [xi, ■] and [dxi, ■] contained in 'D{M). But this implies that L vanishes on brackets [Pij , ■] S 
T>{M) where Pjj is the localisation of any classical pseudodifferential operator. Stokes' property on 
symbols and the vanishing on brackets of operators are therefore equivalent. 
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